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2 Kupka & Montgomery
the shortcomings of local convection models more clearly, as
their less eÆcient convection is much more sensitive to de-
tails in the modelling. Depending, for example, on whether
an  of 0.5 or 1.5 is chosen in MLT for a main sequence star
with T
e
 7500 K, an envelope may either have a mostly
radiative temperature gradient or still contain a nearly adi-
abatic region. This holds for any of the convection models
which rely on a convective scale length. Hence, the eÆciency
of convection in the envelopes of A-stars has remained an
open problem and makes them a logical as well as a promis-
ing starting point for our study.
In the following, we give an outline of the physics and
the numerical procedure used to compute our envelope mod-
els (the discussion of the moment equation formalism is self-
contained, so that readers unfamiliar with it can skip ahead
without diÆculties). Results are then presented for a se-
quence of models which dier from each other only in T
e
.
We include a model with lower gravity in order to illustrate
the eect of a change in log g. Finally, we show that the
non-local convection model agrees with the known observa-
tional constraints and the results of numerical simulations,
whereas local models are fundamentally unable to do this.
2 DESCRIPTION OF MODEL
The convection model used here is an extension of the CD98
model which requires the solution of ve dierential equa-
tions of rst order in time and second order in space for K,

2






, and , and of an additional
equation for the time evolution of T (cf. equations (1){(5)
and (8) in Kupka 1999b). This system is completed by an
equation for the total pressure (\hydrostatic equilibrium"
including turbulent pressure, equation (7) in Kupka 1999b)
and for the mass (\conservation of mass"). We solve this set
of dierential equations on an unequally spaced mass grid,
with the zoning chosen so as to resolve the gradients in the
various quantities.
Compared to the model discussed in Kupka (1999b) the
following changes and extensions have been included: a) in-
stead of using high Peclet number limits we apply the full
form of the CD98 model for the SOMs. We thus take ad-
vantage of a better theoretical underpinning of the inuence
of radiative loss rates on two time scales in the equations
for 
2




, which are provided by a well-
tested turbulence model (see CD98 for a summary). b) The
Prandtl number is set to 10
 9
as a typical value for the outer
part of A-star envelopes (values up to 2 orders of magnitude
larger than this do not alter our results). c) With the excep-





further study (see Kupka & Muthsam 2002), the complete
form of the \compressibility terms", equations (42){(48) of
Canuto (1993), is used to extend the CD98 model to the
non-Boussinesq case. Hence, we now also include the eect
of a non-zero gradient in the turbulent pressure p
turb
on
the superadiabatic gradient . d) We use a more advanced
model for the third order moments (TOMs) published in
Canuto et al. (2001), although with a dierent form for the
fourth order moments (see Kupka 2002). If, instead, the orig-
inal form for the fourth order moments is used, the models
with T
e
> 8000 K, discussed in Figure 1, show less eÆcient
convection, with the opposite being true for the cooler mod-
els. In both cases, however, the results are qualitatively the
same as the results we present here. As in Kupka & Mont-
gomery (2001), we use a relation similar to equation (37f) in
Canuto (1992) and thus avoid a downgradient approxima-
tion for the ux of  (such as equation (6) of Kupka 1999b).





, was accounted for following Canuto et al.





tion for the optically thin regime of stellar photospheres (cf.
Spiegel 1957), while for consistency, the expression for the
radiative ux F
r
was taken from the stellar structure code
we use for our initial models and boundary conditions (see
Pamyatnykh 1999, it assumes the diusion approximation
for  > 2=3, but diers from it by a \dilution factor" for
optical depths  < 2=3).
More details on these alterations and comparisons with
numerical simulations are discussed in Kupka (2002) and in
Kupka & Muthsam (2002). With one exception we have used
the original constants of Canuto (1993), CD98, and Canuto
et al. (2001). We consider their adjustment to be of little use,
because in case of failure it is usually the entire shape of the
functional relation which is at variance with measurements
or simulations (cf. the MLT example in Sect. 4). The one
exception we have made is the high eÆciency limit of 
p
,
for which the CD98 model appears to predict values too low
in comparison with simulations for idealized microphysics
(see Kupka 2001), and also in comparison with a previous
model (Canuto 1993). Most likely this is due to an isotropy
assumption in its derivation and we thus use a 
p
increased
by a factor of 3 as suggested in Kupka (2001). This problem
will be thoroughly discussed in Kupka & Muthsam (2002).
A numerical approach to solve the resulting system of
equations was briey described in Kupka (1999a,b); a com-
prehensive discussion of the code will be given in Kupka
(2002). Here we only outline the solution procedure from the
viewpoint of stellar structure modelling. We start from an
envelope model computed with the code described in Pamy-
atnykh (1999), where the equation of state and opacity data
are from the OPAL project (Rogers et al. 1996, Iglesias &
and Rogers 1996). The metallicity, T
e
, surface log g, and
total stellar radius R
?
are taken from this model and held
constant during relaxation. We place some 200 mass shells




) down to well
below the He ii convection zone. Having embedded the con-
vection zones within stably stratied layers, we can use the
boundary conditions of Kupka (1999b) for the SOMs (cf.
Kupka 2002). For the mean structure quantities we keep r,
T , and P xed to their values at the upper photosphere of
the input model, while a constant L is enforced at the bot-
tom. The complete system is integrated in time (currently by
a semi-implicit method) until a stationary, thermally relaxed
state is found. The mass shells can be rezoned to a dier-
ent relative size to resolve, e.g., steep temperature gradients
that may appear and/or disappear during convergence. The
radiative envelope below the convection zones may then be
obtained from a simple downward integration.
Generating a complete stellar model would require t-
ting such an envelope onto a stellar core, which in turn re-
quires iterating the envelope parameters (T
e
, log g, R
?
) to
achieve a match of P , T , and r at the core/envelope inter-
face. Since we have not yet computed evolutionary models,
c
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Figure 1. (a) The fraction of the ux carried by convection for four models with the indicated eective temperatures, where we have
taken logT as our radial variable; logg = 4:4 and Z = 0:02 for all the models. The cross on each curve near logT  3:9 shows the
location where  = 2=3 for each model, and the inset is an enlargement of the indicated overshooting region. Convection becomes more
dominant with decreasing T
e
, but the two convection zones remain well-separated in terms of the convective ux. This holds also for 
2
(cf. Kupka 2002). (b) The same as (a) but for the rms convective velocities. In contrast, we see that the convection zones are connected
in terms of the velocity eld (and also in terms of K and , see Kupka 2002). Thus, the two zones can be thought of as being separate
thermally but not dynamically. In addition, we see that the photospheric velocities all lie in the range 1.5{2 km s
 1
, in agreement with
the lower limit of derived micro- and macroturbulence parameters (Varenne & Monier 1999, Landstreet 1998).
we have not needed to do this, although this would be a
straightforward extension of our work.
3 RESULTS
Figure 1 shows the central results of this paper: both the
He ii and H i convection zones appear quite separate when
the quantity which is examined is the convective ux (a),
but completely merged in terms of the convective velocity
eld (b). Thus, to obtain a self-consistent solution, one must
solve the equations for the entire region simultaneously.
From Figure 1a (and Figure 2), we see that the mid to
the upper photospheres of these models (the crosses indicate
the point where  = 2=3) are essentially radiative, as they
are in the local CGM and MLT models. Thus, the temper-
ature and density structure of both the local and non-local
models are virtually identical at small optical depths, which
justies our use of the local models as an outer boundary
condition for the non-local models.
In Table 1, we list these results. Since the He ii and





we have listed their maximum uxes separately (columns 3







listed just a single maximum since this quantity is large
throughout the entire region (column 6); the same holds
for the relative turbulent pressure (column 8). Since all of
these maxima occur below the stellar surface, we have also






(columns 7 and 9).
Finally, in Figure 2 we plot the kinetic energy ux as a
function of log T , for the four dierent models from Figure 1.
Besides the fact that the cooler models have larger uxes,
which is to be expected, we see from the magnitudes of these
uxes that F
kin
is essentially negligible for the models we
have examined. We are thus in a dierent regime from that




j may be as large as 20 per cent
(cf. Stein & Nordlund 1998, Kim & Chan 1998).
In addition to these results, we have also run low- and
high-metallicity models (Z = 0:006; 0:06, respectively). We









increases by . 10 per cent, with the
opposite trends for the high-Z models. While these changes
are not large, we note that they would be enhanced by the
use of non-grey atmospheres. On the other hand, reducing
log g (to a value still consistent with a main sequence object)
results in much weaker convection caused by a lower density
and hence smaller heat capacity of the uid, as shown by the
last model in Table 1, which is taken from an (MLT based)




The fact that F
kin
is positive in the photosphere for each of
these models (Figure 2) means that the skewness of spectral
lines produced in this region is also positive, and that the
corresponding lling factors for rising versus falling uid ele-
ments is less than 1/2 (cf. CD98). This is in agreement with
the observations of line proles in A-stars (Landstreet 1998).
c
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Table 1. Convection zone parameters obtainedwith the non-localmodel. The overshooting (OV) is measured














































8500 4.4 0.023 0.019 0.44 5.29 1.60 0.131 0.043
8000 4.4 0.030 0.100 0.46 5.48 1.94 0.146 0.068
7500 4.4 0.041 0.303 0.45 4.61 1.64 0.105 0.053
7200 4.4 0.051 0.612 0.46 4.36 1.85 0.100 0.069
6980 3.53 0.038 0.164 0.52 5.33 1.40 0.130 0.042
Figure 2. The kinetic energy ux as a function of logT , for the
four dierent models from Figure 1. As expected, the cooler mod-
els have larger uxes. Most signicantly, however, these numbers
show that jF
kin
j is essentially negligible for the models we have
examined, in contrast to the case of the Sun, where it may be
as large as 20 per cent (cf. Stein & Nordlund 1998, Kim & Chan
1998).
In the future, quantitative comparisons with such observa-
tional data will provide some of the most stringent tests of
this model.
As previously mentioned, the He ii and H i convection
zones may be thought of as being thermally disconnected but
dynamically coupled, a situation which is impossible within
the context of MLT (or CGM) models. A further shortcom-
ing of MLT is shown in Figure 3. The convective ux of two
MLT models, with mixing lengths of l = 0:36 and 0:42H
p
,
respectively, is plotted along with the ux from the non-local
solution (upper panel). First, we see that it is impossible for
the MLT models to match simultaneously the ux in both
the He ii and H i convection zones (at least with the same
mixing length). Second, even if we try to model only the H i
convection zone, xing the mixing length so as to match the
maximum ux results in a convection zone which is much
too narrow. In addition, this produces photospheric veloci-
ties which are  3 orders of magnitude smaller than those of
the non-local model and the observations (lower panel, Fig-
ure 3, see also Sect. 5). We note that since the upper photo-
sphere is optically thin and therefore locally stable against
convection, local convection models will always predict con-
Figure 3. A comparison of the convective uxes (upper panel)
and velocities (lower panel) for the non-local model and for two




= 8000 K. We see
that the MLT models are unable to match simultaneously the ux
in the H i and He ii convection zones, or even to match both the
maximum ux and the width of just the H i convection zone. In
addition, the photospheric velocities of the MLT models are  3
orders of magnitude smaller than those of the non-local model.
vective uxes which are extremely small (or zero), even for
values of  which are \unreasonably" large.
As a further test of our results we have compared them
with 2D simulations by Freytag (1995), Freytag et al. (1996),
and additional models provided by Freytag (2001, private
communication). We nd agreement with the following re-
sults from our calculations: a) Models over the entire range
of A-type main sequence stars with T
e
up to 8500 K have
their H i and He ii convection zones dynamically connected.
The vertical mean velocities in the overshoot regions around
log T  4:4 are of order 1.5 to 3 km s
 1
. b) There is consid-
erable overshooting (OV) below the He ii convection zone.
However, the 2D simulations yield a size of the OV region
which is 3 times larger in terms of radius and also much
larger in terms of H
p
, for the entire range of models in Fig-
ure 1 and Table 1. Such dierences are anticipated from a
comparison of numerical simulations in 2D and 3D (Muth-
sam et al. 1995, see also Fig. 1 in Kupka 2001). More de-
tailed examples demonstrating that 2D simulations yield up-
per limits for the (3D) OV extent will be given in Kupka &
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ture gradient in the H i convection zone for the models with
T
e
> 8000 K are in good agreement with those of the 2D
simulations. However, for the models with lower T
e
, the 2D
simulations yield higher convective uxes and lower temper-
ature gradients and, hence, the two convection zones merge
thermally at a T
e
which is  200 K to  300 K higher than
in our non-local models.
Apart from the dierences between 2D and 3D con-
vection, one important reason for discrepancies is the ef-
fect of ionization (cf. also Kupka 2002). Briey summarized,
the current convection model assumes an ideal gas equation
of state for the purpose of computing the ensemble aver-
ages in the expression for the convective ux. Using an im-
proved, although approximate, expression for the convective
(enthalpy) ux, we estimate that this assumption introduces
errors of order 15{20 per cent in the convective ux. Finally,
a potentially signicant source of discrepancies between our
models and the 2D simulations is the use of a dierent equa-
tion of state and opacities (OPAL, Rogers et al. 1996 vs.
ATLAS6, Kurucz 1979) and the non-diusive law we use
for the photospheric radiative ux (see Sect. 2). This does
not allow us to make a detailed quantitative comparison of
model sequences. Thus, we have had to restrict ourselves to
only a qualitative discussion.
5 CONCLUSIONS
Using a fully non-local, compressible convection model to-
gether with a realistic equation of state and opacities, we
have calculated envelope models for stellar parameters ap-
propriate for A-stars. In examining the results of this model,
we have found many points of agreement both with obser-
vations and with numerical simulations.
First, our photospheric velocities are consistent with the
lower limit of the typical micro- and macroturbulence pa-
rameters found for A-stars (1.5{2 km s
 1
, see Varenne &
Monier 1999 and Landstreet 1998). Line blanketing should
further increase these values. We expect a smoother v
C
(r)
(without small minima as in Figures 1b and 3) from an im-
proved treatment of fourth order moments and inclusion of
p
0
w (cf. Sect. 2). Second, we nd that the lling factor for
rising uid elements in the photospheres of our models is less
than 1/2, also in agreement with observations of line proles
in A-stars. Third, we nd in the temperature range 7200 K
to 8500 K that the He ii and H i zones are well-separated
in terms of the convective ux but not in terms of the con-
vective velocity eld. The two zones are thus in some sense
thermally separated but dynamically joined. This feature is
also shown by the numerical simulations. Finally, we nd an
OV at the base of the He ii convection zone of  0:45H
p
.
The numerical simulations nd an even larger OV, but this
may also be due to the fact that they were done in 2D. We
note that in all cases we nd a nearly radiative temperature
gradient in the OV region, whereas the velocities in this re-
gion remain quite large, within an order of magnitude of
their maxima within the convection zone ( 0:5 km s
 1
).
In addition, the non-local model yields smaller temper-
ature gradients than the local model of Canuto et al. (CGM,
1996). Such a comparison with MLT is more diÆcult due to
the large range of  in current use. Nevertheless, we have
found evidence that for main sequence models  has to be
decreased from values of  1:0 at about 7100 K to  0:4
for models with T
e
= 8000 K in order to obtain a compa-









in the He ii convection zone, a completely
dierent set of 's (with larger values) would be required.
As already mentioned, A-stars are excellent choices for
this rst calculation since they have relatively thin surface
convection zones, so that the thermal time scales involved
are not so long. In addition, they are interesting stars in
their own right, containing high-metallicity stars (the Am
stars) as well as two groups of pulsating stars (the roAp and
Æ Scuti stars). In the future, it may be possible to use the
pulsating stars as probes of the subsurface convection zones,
much as has been done in the case of the Sun.
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